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ABSTRACT: The superspace formulation of the worldvolume action of twistor string models
is considered. It is shown that for the Berkovits-Siegel closed twistor string such a formu-
lation is provided by a N = 4 twistor-like action of the tensionless superstring. A similar
inverse twistor transform of the open twistor string model (Berkovits model) results in a
dynamical system containing two copies of the D = 4, N = 4 superspace coordinate func-
tions, one left-moving and one right-moving, that are glued by the boundary conditions.

We also discuss possible candidates for a tensionful superstring action leading to the twistor
string in the tensionless limit as well as multidimensional counterparts of twistor strings
in the framework of both ‘standard’ superspace and superspace enlarged by tensorial coor-
dinates (tensorial superspaces), which constitute a natural framework for massless higher

spin theories.
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1. Introduction

The connection between Yang-Mills and string theories was reconsidered in [f[] using the
twistor approach (B (see [fJ] for an earlier study). It was originally noticed that a class
of perturbative tree amplitudes for the gauge fields of N = 4 supersymmetric Yang-Mills
theories were reproduced from a string moving in the projective CPBM superspace. CPGY
is a Calabi-Yau supermanifold, the bosonic body of which, CP?, is Penrose twistor space [g].

The class of Yang-Mills amplitudes that may be described by the twistor string model
was then extended in [[l, fl]. In particular, one loop amplitudes are also amenable to
a twistor presentation using a technique [J-[ suggested by the twistor string approach.
This further supports the original idea of the existence of a deep connection between

the supertwistor string and N = 4 super-Yang-Mills gauge theories in the usual D = 4



(super)spacetime. The restrictions on a possible full identification of these models come
from the impossibility of isolating the closed string sector of the twistor string from the
open one, and from the observation that the closed string sector, in view of its confor-
mal invariance, should lead to conformal supergravity [§], which has itself problems for
its physical treatment. Recently [{], a twistor string-like generating functional for super-
Yang-Mills amplitudes was derived from a twistor reformulation of the super-Yang-Mills
action which, in turn, followed from its ‘asymmetric’ formulation [[(J]. An analogous for-
mulation for gravity that might be related with the closed twistor string was considered
in [[L1]).

At the same time, alternative twistor string models were proposed in [13, and [[14].
It was argued in [[J] that the twistor string might be related with the A/ = 2 spinning
string, which has /' = 2 extended worldvolume supersymmetry and is defined in a D = 4
spacetime with two time-like directions (see [[[J] for further discussion). The problem of
relating the twistor string with two-time physics was considered in [[[f] where possible
higher dimensional generalizations were also discussed.

To look for a (super)spacetime formulation of the twistor string that originally had
been given only in terms of supertwistor variables but not in the usual spacetime or su-
perspace coordinates, Siegel proposed a new twistor string action [@] in terms of the
Atiyah-Drinfel’d-Hitchin-Manin (ADHM) [[[7] (super)twistors (see [1§]).

One of the messages of this paper is that the standard (not ADHM) twistor superstring
action, at least the closed string chiral version of Siegel [[[4], can be rewritten in terms of
superspace coordinates in a different manner using a method similar to the change of vari-
ables that relates the different forms of the Ferber-Shirafuji superparticle action [[[J] (see
also [Rd]). The spacetime/superspace action that is classically equivalent to the twistor
superstring [[[4] has 8 x-symmetries and turns out to be a straightforward N = 4 general-
ization of the D = 4 tensionless superstring action in [R1], PJ].

A similar twistor transform of the Berkovits model for the open twistor string results
in an action formulated in terms of two copies of the coordinate functions of D =4, N =4
superspace. We notice in passing that such a set of variables, albeit for NV = 1, was used
in 23] to write an equivalent form of the N = 2 Green-Schwarz superstring action.

The way of quantizing the twistor string discussed in [, I3, [4], ] makes it clear that
this string should be understood as the tensionless limit of a tensionful string model. The
reason is that in the case of the intrinsically tensionless superstring (‘null-superstring’)
its conformal invariance is maintained by a continuous mass spectrum [R4, R1], while the
tensionless limit of a tensionful string rather contains a set of massless fields RJ—R7]. The
relation of such a tensionful model with the so-called QCD string [Pg] was discussed in [[[4],
but in a purely bosonic context. The correspondence with the null-superstring of 1, R
makes transparent that the N=1 (N=2) counterparts of the twistor string action appear
in the tensionless limit of the standard N =1 (N = 2) Green-Schwarz superstring models
in D=4. The search for a tensionful parent action for the standard (super-Yang-Mills
related) N=4 twistor string will lead us naturally to enlarge the D = 4, N = 4 $(4[4N)
superspace to the D = 10, N = 1 superspace »(10116) o to a tensorial superspace 3 (4-+6]16)

with additional antisymmetric tensor coordinates.



2. Supertwistor string models

2.1 Siegel’s closed string action

To our knowledge, there are at present four versions of the supertwistor string action, that
of Witten [[l], a constrained sigma model the tangent superspace of which is (CIP’(3|4), the

one put forward by Berkovits [[L2] involving two supertwistors, and the two proposed by
Siegel in [[[4].

The simplest action is that of the closed twistor string model of the first part of
ref. [[4] (we do not discuss here the second, ADHM twistor action given in [[4], which
includes explicitly the spacetime coordinates and that in this sense ‘untwists’ the twistor
superstring). It is given by

S = e ATy VY® + dP¢Lg
W2

— [ ¢WVRE] To© V_T5©) + Lal. (2.1)

where e** = d¢™met*(€) are the worldsheet zweibein one-forms and et Ae™~ = d2¢6 /||
is the invariant surface element of the worldsheet W2. The basic worldsheet fields
TZ = (:U'd, )‘a; 772) = Tz(é) ) (22)
a=12, a&a=12, i=1,234,

determine the (N = 4) Ferber supertwistor [[J] T* and!

Ty = (Y1) Qny = (N, -0 2i7) (2.3)
a=12, a=12, i=123.4

is defined through the SU(2,2|4)-invariant tensor

0 =647 0
Qsn= |63 0 0] . (2.4)
0 0 2
Finally,
V=e¢"tV, +e V__=d-iB (2.5)

is the worldsheet covariant derivative with the U(1)-connection B. In (R.I]), L is the action
for the worldsheet fields that are used to construct the Yang-Mills symmetry current (one
can use e.g., the worldsheet fermionic degrees of freedom, as discussed below).

The target supermanifold CPCI4)

of the N = 4 supertwistors (R.2), which generalize
the Penrose twistors [[], defines a fundamental representation of the SU(2, 2|4) superconfor-

mal group (SU(2,2) ~ SO(2,4)). Thus, the action (B.1]) is superconformally (SU(2,2/4)-)

'Following [ﬂ] we use the convention of adding a bar to all the spinors in Tx rather than associating
the bar to the dotted ones (e.g., by denoting (\s, i%) the two Weyl spinors in T> that make up a Dirac
spinor).



invariant by construction. Such an action can be also written for N # 4 supertwistors; in
this case it possesses SU(2,2|N) superconformal symmetry, but CPUMN) is a Calabi-Yau
manifold only if d + 1 = N. The set of special properties of the N = 4 case includes the
existence of the holomorphic integral measure on CP@lY

)

_ .0 0 0 09
Q) = L3j0) €ijkigy; an; oon dm

Q3j0) = €arprys YO dYF A dYY A dYY (2.6)

where o/ =1,...,4(=1,2,1,2). The Q(3)4) integral form is invariant under the U(1)-phase
transformations of the twistors,

T s B> Y5 — e BTy, (2.7)
and also under the scaling
TS > (2.8)
These two transformations are also symmetries of the action (R.1)) provided the scaling of
the twistors, eq. (R.§), is supplemented by the scaling of the vielbein form

ett s e 2ett (2.9)

Because of the covariant derivative (R.§), the U(1) gauge transformations (R.7) (now
with local parameter §(£) under which B — B + df3) are a gauge symmetry of the ac-
tion (2.1). On the other hand, the réle of this U(1) connection B is analogous (as noted
in [[4) to that of the auxiliary worldsheet metric in the standard superstring model.
Namely, its equations of motion impose on the supertwistor T the constraint

Ty Y= = Ay u& — i\ + 2i77'n; = 0 (2.10)

which, in the Hamiltonian framework, is the generator of the U(1) symmetry (R.7).
As the constraint (R.1() appears as a non-dynamical equation of motion for the auxil-
iary field B, one can consider the action

S = /e++ ATs dY* + d*Lg (2.11)
= / e A adp® — i*dAg + 21 dn;) + d*¢Lg

where the supertwistor variables are constrained by (R.1(), as an alternative to (2.1). In
this form the action does not contain the connection B, but the U(1) gauge symmetry still
holds due to the constraint (R.10). This constraint also makes the action (R.11)) invariant
under the local worldsheet Lorentz SO(1, 1), which here is equivalent to the scaling or local

GL(1,R)) symmetry (R.§).2

“The worldsheet local Lorentz SO(1,1) invariance of @) for unconstrained supertwistors holds if B has
nontrivial SO(1, 1) transformation properties B — B+ idc, so that B is no longer a real connection (cf. [@,

@]) Both local symmetries can be maintained if B is taken to be a complex GL(1,C) connection. The
reality of the action with complex B would hold if (EI) were written in the ‘symmetric’ form: Ts VYT —
1(Ys VY¥ — VYs Y¥). For the action (@) with a U(1) connection B this holds, up to boundary
contributions, provided that B*_ = B__ + %e,,mVJMLeIf — %e++mV,,efn+ (B4++ does not enter the
action (@))



2.2 On the Yang-Mills current part of the action

The simplest choice for Lg in (R.1]) is the free fermion action which allows one to con-
struct the current J" = 1) JI7 Tyl for the Yang-Mills gauge group G (where T" IJ is the
matrix representation for its infinitesimal generators) and, hence, to describe the coupling
of the string to the Yang-Mills gauge field, [trJA o [ J"A", according to 29-Bl. In
the action (R.1)) for the closed string [[[4], these free fermions should have the same two-
dimensional (worldsheet) ‘chirality’ as the supertwistor variables [BJ]. Thus the Lagrangian
including the vertex operator reads

PE|La +tr(TA)] = 5+ A @DY! — Do),
(2.12)

where D is the Yang-Mills covariant derivative Dy = dip! + Al jop/ and o = (¥7)*Cyep
with Cj+; being invariant under the gauge group G; for instance Cj+; = d+1 for G = U(m).

2.3 Berkovits’s open string action

Berkovits’s open string version of the twistor string [LJ] contains two supertwistor fields, a
left moving Y~> and a right moving Y>,

T = A m)

TH (it b ). (2.13)
The worldsheet action reads
S = - T ATSV(T™E) —e " ATEV(TTE) +
+ / d*¢L¢ , (2.14)
W2

where L¢ is the Lagrangian for the YM current (e.g. %e‘H' AWy rdipt —dipyp bl )+ %e“ A
(Y_rdip! — dip_papl) for the left and right fermionic fields ¢»_, 1 ). The above notation
explains why the worldsheet supervielbein forms were denoted by e and e~ ~: the double
sign superscript indicates SO(1,1)-vector transformation properties (e — 27 ¢+E)
while the single + superscripts were reserved for supertwistors TY* to indicate their spinor
(Y — eF7'TF) transformation properties under the worldsheet Lorentz group.

The action (R.14) assumes boundary conditions that identify, in particular, the left
and the right supertwistors® on the worldsurface boundary oW ?:

T oz =T o2, T5lowz = T lowe (2.15)

3In the original paper [@] Y5, like in (R.14), is the canonically conjugate momentum of Y~* but,
unlike in (P.14), it is not its complex conjugate; the complex conjugate of T™% is there identified with
T (Y-S =7 in @]) We, however, take the point of view of [E, E}, in which, like in the standard
quantization of supertwistors [E], the canonically conjugate supertwistors basically coincide with their
complex conjugates.



as well as the left and right currents. Siegel [[4] motivated his modification (R.1]) of the
Berkovits twistor string (B.14) by stating that the boundary conditions do not play any
role except that of halving the number of the twistor degrees of freedom. Specifically, the
identification (B.15) of the two supertwistors on the boundary OW?2 of W? allows one to
construct all the open string vertex operators using only one set of twistor variables, either
(Y=, Y5)or (YT, T¥). It was also noticed that the closed string version is more natural
for a spacetime interpretation, which was constructed by moving from the Penrose-twistor
string to an alternative, ‘six dimensional’ ADHM-twistor string [[4]. We will present here
another, more straightforward way to arrive at the spacetime or, more precisely, at the
standard superspace presentation.

2.4 Witten’s action

For completeness we describe here the original Witten’s proposal [ for a CPBM twistor
string. It uses only one supertwistor and it is based on the following action
Sw= | [VIsA=VY” +dP¢EE) (TuY¥ —1)] =
W2
/€++ Ne [V++Tz V77T2 + V,,TZ v++T2]

+ / d*¢E(E) (T — 1) (2.16)
describing a CPB sigma-model subject to the additional constraint
TsY® =7 (2.17)

for some constant r, introduced into the action through the Lagrange multiplier Z(§). In

'~

eq. (R.16), = is the Hodge operator for the auxiliary worldsheet metric,

T=e " T = et (2.18)

xe  =e ,  Xe

In the case of particle mechanics [[[9] the modification of the twistor constraint (R.10)
by a nonvanishing r (eq. (B.17)) is known to describe a massless particle with helicity
s = /2. On the other hand, it is also known that, due to the noncommutativity of T> and
Ty in a quantum description, the classical constraint (R.1() can also lead after quantization
to (R.17) with a nonvanishing r.*

The covariant derivative V in (R.16) contains the U(1)-gauge field B: VYy = dY¥yx —
iB Ty, eq. (.5). Due to the constraint (R.17), the equations of motion for the gauge field
B can be written as

0=TsVY® = T5dY* —iB Ty
=dY* Yy —iBr. (2.19)

“In the case of particle mechanics, the quantization of r = 2s in units of /i can easily be obtained as
the requirement that the wave function be well defined as a function of complex variable i.e., that under a
27 phase transformation of the bosonic spinor argument the phase of the wave function is shifted by krm,
k € Z. See references and discussion in

For a two-twistor description of massive particles see @] and references therein; a one-twistor description
has recently been developed in



Hence for a nonvanishing r the U(1)-gauge field may be expressed in terms of the super-
twistor and its conjugate,

B=—'Tydr®. (2.20)
T

In this case the Lagrange multiplier Z(¢) is also expressed in terms of the twistor by the
solution

1 _—
BPEE=4+-VTs A+xVTE (2.21)
T
of the supertwistors equations of motion

Vs VY® = 2627,
V«VTy = d*¢ =Ty . (2.22)

[To arrive at (R.21) one uses the constraint (2.17) and equations (2.19)]. Notice that
inserting (2:21]) back into the equations of motion (P-29) one finds

1 _
Vs VYZ = ——TZ VT AV (2.23)
r

and its c.c. expression. The r.h.s. is proportional to the trace of the energy-momentum
tensor Ty, < Vi Y11 Vo, Y. This vanishes if the equation of motion for the auxiliary
worldvolume metric v, = ez:[ e;)_ is taken into account.

If r = 0, eq. (R:20) does no longer follow from (R.19) as B does not appear in (2.19).
Then, although the Lagrange multiplier Z is still present in the dynamical equations (2.29),
their contractions with Ts, and T> cannot be used to express = in terms of the covariant

derivatives of supertwistors, like in (R.21)), but it rather produces

TeVVY =0, V*+VIgT*=0. (2.24)
In the light of eq. (R.19), eqs. (R.24) imply
VIsA*VY* =0 for r=0. (2.25)

The existence of the invariant integral form (P.6) makes the N = 4 supertwistor space
CPCGY a Calabi-Yau supermanifold; this is needed to relate the sigma model to the topolog-
ical ‘B-model’ [fl]. To reproduce the MHV amplitudes of the Yang-Mills theory the twistor
string model based on eq. (R.16) has to be enriched by D-instanton contributions [fl] (that

the Berkovits model secks to avoid). We will not need nor consider these details below.

3. D=4 N =4 superspace formulation of the supertwistor string

3.1 Siegel’s closed supertwistor string model as a model in D =4 N = 4 super-
space

We show here that the (non Yang-Mills part of) Siegel’s closed twistor string, et* ATy VYT>
in eq. (2.1), has a transparent D = 4, N = 4 superspace form,

Sg = / [e++ AT NN + d*€Lg | (3.1)
W2



where I14* = dEMTISY = drII8% 4 doTIS® is the pull-back to the worldsheet W? of the flat

supervielbein on D = 4, N = 4 superspace,

Mo = da®® — idf8 0% 4 i08do™" (3.2)
where i = 1,2,3,4. I can also be written in terms of a left or right chiral coordinate
basis,

% .= da$® — 2idf*0™ = da®* + 2i08do™" (3.3)
T = % L ih20Y = (),

2 = 28— i070% = (§)” .

The bosonic spinors Ag, Ag in (B.1)) are auxiliary. Their equations of motion

ePT AN, =0 or M%)\, =0 (3.6)
are non-dynamical and imply .
%~ AN (3.7)
which solves the Virasoro constraint
MM 40 =0. (3.8)

It may be easily checked that the action (B.1]) is equivalent to (R.I). Indeed, by using
Leibniz rule (dz%* A, = d(2%)\,) — 2%%d\,, etc.) eq. (B.I]) can be written in the form

S = / et A (dp® Ao — dho 1 — 2idn; ') + d*¢éLc
_ / e A AT Ty + 2Lg | (3.9)

where the components of the supertwistor are related to the superspace coordinates by the
following supersymmetric generalization [[9] of the Penrose incidence relation [J]

pt = 28N = (2 + 020 Ne , M = 08N, (3.10)

Egs. (B.1() give the general solution of the constraint YxY* = 0, which allows us to use
eq. (R.10) instead of (B.10).

3.2 k-symmetry

The action (B.1]), involving the superspace coordinate fields and the auxiliary bosonic spinor
fields A(€), A(€), is thus equivalent to the twistor action (B.9). Ignoring the Yang-Mills
current variables in Lg and the auxiliary one-form e™™, one sees that the superspace
action (B.I]) contains, besides the auxiliary et™, 8 (4+4) real bosonic and 16 (4 x 4)
real fermionic variables, while the twistor one (B.g) contains instead 8 bosonic plus 8
(4 x 2) fermionic supertwistor variables subject to one bosonic constraint, eq. (R.10). This
mismatch indicates the presence of one bosonic and eight fermionic gauge symmetries in

the superspace action (B.1]).



The action is invariant under reparametrization as well as under the scaling (R.9),
N =X (see eq. (B.9)). Besides, there is a bosonic gauge symmetry under the U(1) phase
transformations of the spinor field A,. This is the same gauge symmetry possessed by the
supertwistor action (B.9), there generated by the first class constraint (.10). Let us now
show that the superspace action indeed possesses an 8-parametric fermionic xk-symmetry.

Varying the action (B.J)) we find (mainly ignoring the Yang-Mills current part L which
does not depend neither on supertwistors nor on the superspace coordinate functions)

5(d2€LG)>

— ++ Taoy |
(SS = (56 VAN <H Aa)‘a + 6€++

W2
B / d(e™ Aaka) (2% — o679 + 556
w2

+ / et ATICY(Aa0Ma + 0AaAa)
w2
<20 [T A (@8N0 0% N A8 D SO N) (3.11)
W2

The fact that only 8 (d63* A, and its c.c.) out of the 8+8 independent fermionic variations
(66% and 5604 = (60%)*, i = 1,2,3,4) enter effectively in the action variation (B.11) shows
that the action (B.I]) possess eight local fermionic x-symmetries. Explicitly they read

8xx = 10,05 0% — 656,06
6.0 = KXY, 0.0 =R\ (3.12)
SN = 3, A% = et =0.

The r-symmetry transformations in the form (B.13) are clearly irreducible (see [Bf] for their
interpretation as worldline supersymmetry) in contrast with the standard x-symmetry [B7,
BY] with

0507 = Raall®® ,  §,0% = 122 R} (3.13)

(I = V2% —iV_67 0% +i67V_6%) .

Clearly, the irreducible transformations (B.12) can be obtained from the standard x-
symmetry in its first order form by substituting A®A® for 119 with x; = ke A*. Equation
1% oc AY\* indeed holds on the mass shell for the dynamical system (B.1), see eq. (B.7).

3.3 The supertwistor string as a formulation of the tensionless string

The fact that the action (B.9) corresponds to a tensionless superstring was noticed in [[L4].
We have seen above that the twistor string action (@) is equivalent to the superspace
action (B.1]) which includes the bosonic spinors ), as auxiliary variables. Our next ob-
servation is that the action (B.1]) is simply the null-superstring action of R, ). In-
deed, although that action was written in terms of D = 4 Lorentz harmonic variables
(v ,vE) € SL(2,C) = Spin(1, 3), and (B.1]) contains instead one bosonic spinor \,, the sec-
ond harmonic v} was not involved in the null-superstring action of [R1], J]. Furthermore,
the only constraint that is imposed on these D = 4 spinorial harmonics [BJ] is

v ol =1, (3.14)



If this is considered as a condition on v}, then v, is just an arbitrary but nonvanish-
ing bosonic spinor and can be identified with A,. Then, with A, = v, , and defining a
worldsheet density p* ™™ by et Ad := d?¢ ptT™0,,, one can write the action (B.1)) in the
form

S = [y d*EptT IO vy = [y et AT 0y (3.15)

maoz—

which is exactly the ‘twistor-like’ tensionless superstring action in [21], BJ].

3.4 Berkovits supertwistor open string model and the open tensionless super-
string in an enlarged superspace

The above observations indicate that Berkovits open string version of the twistor string
model should correspond to the open null-string. We show now that this open tensionless
superstring can be defined on the direct product of two N = 4 superspaces.”

Let us consider the left and right moving supertwistors already restricted by the con-

straints
ToY > = X;,u_d — g A, —2in;, 7" =0, (3.16)
YL = A — groad —2ipf i =0. (3.17)
Then the connection B = eT™"B,, + e ~B__ (which in the original formulation of

eq. (2.14) [1J] reproduces the above two constraints as the Euler-Lagrange equations for
B__ and B, ) disappears from the action, which takes the form

Sp = / [eF T ATGdY ™ — e~ ATEdY ] + / d*¢L¢ . (3.18)
w2 w2

The local Lorentz symmetry SO(1,1) of the action (B.1§) as well as its two U(1) gauge
symmetries, one acting on Y*> and T; and the other on Y™> and Tg , hold true due
to the constraints (B.1G), (B-17) imposed on T~ and YTT. The action also has an overall
scaling gauge symmetry under Y5~ s ¥ YT~ e+ 1o o727,

Now, following with this action the same steps as in section B.1] , but in reverse order,
we recover a counterpart of (B.I]) for the open twistor string action of eq. (.14). Starting

from eq. (B.1§) and solving the constraints (B.16), (B.17) by

8 = i o el + S
n =00 ; (3.19)
P = e = @GS+ il )AL
n = 9(r>“>\+ (3.20)

one finds that the action Sp of (B.1§) is equivalent to

— ++ H AT —e H +\+
S WQ( AIGSAZ A, ATIESAEAD)

[ e, (3.21)

®Notice that the open tensionless string in a generalized D = 4, N = 1 superspace enlarged by the

tensorial central charge coordinates y™" = —y"™ was considered in [@]

,10,



where

?2()1 = dl‘?ﬁ — Zd@(l)zaé(of; + ZQ([)?dé% s

?‘TO)‘ = dm?‘f)‘ — id@(r)f‘é?(of) + iﬁ(r)f‘dﬁ(of) . (3.22)
?he action (B.21)) contains two sets of coordinate functions, :U?;‘))‘, 00yi's 9_83 and x‘()‘ro)‘, 05
9(0;?), corresponding to two copies of D = 4, N = 4 superspace. Looking at the dynamics
implied by (B.21) it is seen that one set (:U?;‘))‘, Oy, éa’)) contains the left- and the other
(m‘();?;, 05 9_257‘?)) the right-moving fields, as indicated by the subindexes [, .

We note in passing that such a double set of variables, but for N = 1, was used in [RJ]
to write an equivalent form of the N = 2 Green-Schwarz superstring action.

In the above discussion on the open twistor string, the doubling of the superspace
variables seems to play an auxiliary role as far as the YM vertex operators are associ-
ated with the boundary of the open string. The two sets of D = 4 N = 4 superspace
coordinate functions are needed to formulate the action in its spacetime form. The bound-
ary conditions (R.17) identify these coordinate functions modulo the (two copies of the)
K-Symmetry,

6,{56?2()){ = ’L'(;,Qe(l)? H_% — 29(1)?(5,{9_82) s

Sufyd = KIATY G = RTATY, (3.23)
0n S = 10,007 O — w@géﬁag}) :
6x0(y§ = Ky AT, 500 = RTIATY, (3.24)

S AT = g AT =5t =0,

and reparametrization symmetry transformations characteristic of the action (B.21)).

4. On a possible parent tensionful superstring action for the twistor string

The null-superstring mass spectrum is known to be continuous [4, B2]. To obtain a discrete
spectrum, one should rather quantize the tensionless limit of a tensionful superstring.
These two zero tension superstrings are different in the set of variables used to build
the quantum theory. The null-superstring [R4, is quantized in terms of particle-like
variables, momentum and coordinates, while the quantum theory of the tensionless limit of
a superstring (often called just ‘tensionless superstring’) is formulated in terms of stringy
oscillators [26, 7, [H]].

The calculations of the tree YM diagrams from the twistor string models [fl, [[3, [4], in
particular the choice of the vertex operators and the discussions on contributions to con-
formal anomaly, clearly use stringy variables rather than the particle-like null-superstring
ones and, thus, deal with a tensionless limit of some tensionful superstring rather than
with the intrinsically tensionless superstring i.e. null-superstring.

Thus it is natural to ask: which is the tensionful superstring action the tensionless limit
of which leads to the twistor string one? Such a problem was posed by Siegel [[4], who
proposed the tensionful QCD string [R§] as the bosonic part of such a parent superstring;
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fermions were not considered. In our present perspective, the above problem corresponds to
looking for the tensionful parent of the N = 4 version of the N = 1 tensionless superstring

action of [R1, B, eq. (B-17).

4.1 From tensionful D = 4 superstrings to N = 1,2 counterparts of the super-
twistor string

The N=1 and N=2 versions of the null-superstring superspace action (B.15) can be ob-
tained as tensionless limits of the action of the Lorentz harmonics formulation [J] of the
N =1and N =2 D =4 Green-Schwarz superstrings

1

1
S —
dra! Jyr2

4o

/W2 et AT v, —e ™ ATI%0 v} —etT Ae 7] — By, (4.1)

where the bosonic spinors v, and v} are relatively normalized by the ‘harmonicity condi-
tions’ (B.14), v*~ v} = 1, and the last contribution in ([L.1]) is the Wess-Zumino term. This
is defined by the pull-back to W? of the two-form gauge potential By on flat superspace
and that provides the superspace generalization of the NS-NS or Kalb-Ramond field. This
two-form obeys the constraints®

H3 = dBy = —2il1° A (d8* A 0,df' — dO* A o,df*)  for N =2, (4.2)
H3 = dBy = —2ilI* AdO ANogdd  for N =1. (4.3)

The N = 1,2 versions of the null-superstring action (B.1) can be obtained from ([£.1)
e+t
a/
oo we redefine et — 4ra’e™™ 7 — e~ /(4ma’). In this way, taking the tensionless limit

by taking the tensionless limit o/ — oo while keeping finite. Thus, before setting o/ —
o’ +— oo one finds that the Wess-Zumino term and the ‘cosmological’ e™ Ae™~ term vanish
as 1/a/ — 0. Similarly, the second term in ({.1)) also goes to zero as 1/(a’)? — 0, while
after the redefinition the first term becomes o’ independent and produces the tensionless
superstring action (B.19).

The problem with the N=4 tensionless superstring, which is equivalent to the twistor
string model [I], [(2, [[4], is that the corresponding N = 4 tensionful superstring, which would
be the counterpart of the N = 1,2 actions (fi.1]) possessing a 2N parametric x-symmetry,
is not known. This problem may be traced to the mismatch between the on-shell bosonic
and fermionic degrees of freedom of such a hypothetical N = 4 superstring constructed
from 29, 621, ..., #°4 and their complex conjugates (4 — 2 = 2 bosonic and 1/2(4 x 2) = 4
fermionic degrees of freedom). Geometrically, the problem is reflected by the absence of
the D = 4,N = 4 counterpart of the CE three-cocycles Hs = dBy [i]] that do exist in
D =4, N = 1,2 superspaces. Such a closed three form would be needed to construct the
Wess-Zumino term, a necessary ingredient of a x-symmetric tensionful superstring action
in the superspace of the usual type (see [44] for a superstring action without Wess-Zumino
term in an enlarged tensorial superspace and [ for a discussion of WZ terms and extended

superspaces).

5The expression of Hz shows that it is a Chevalley-Eilenberg (CE) three-cocycle for the superspace
algebra cohomology [@]
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4.2 From D =10 N =1 superstring to the supertwistor string

Such a three-cocycle does exist for the D = 10 N = 1 supersymmetry algebra, allowing for
the existence of the heterotic superstring [if]. It is given by

D=10, N=1:  Hs=dBy=—2II2AdO A $,dO . (4.4)

The N =1 D = 10 superstring contains (as the D=4, N=4 one) 16 fermionic Majorana-
Weyl coordinate functions

02 = i = o . oa=1,...,16, a=12, a=12, i=1,...4,
‘92 (aai)*

and ten bosonic coordinate functions X¢ which can be split as
Xe= (22, XN, a=0,1...,10, a=0,1,2,3, I=1,...,6. (4.6)

The D =10 (16 x 16) sigma-matrices can be chosen in the form

0 o0 g casP 0
EQ = Ea ;EI b Ea == . y Oéﬁ J ) EI = aﬁ ’ 4.7
af ( af aﬁ) aB (Uaocﬁ(gg 0 ) of < 0 _fdgpi[j ( )
where pf; and 5’ are the SO(6) Clebsch-Gordan coefficients pl; """ = —45?/5]?/] (see

e.g. [|7).
The Lorentz harmonics formulation of the D = 10, N = 1 superstring is characterized
by the action [i3, i§] which can be written in the form

1

VY de%

/ et A%, " —e = ATl%, T —etT Ae 7] - ! / By (4.8)
w2 - - drad Jyre

involving the worldvolume fields in the pull-back of the NS-NS two form By (f4) to W?
and two auxiliary lightlike vector fields, uf™, ug~, the counterparts of vy v; and v o7
in D=4 (f1).” These ‘vector Lorentz harmonics’ [b0] may be considered as composites
of the D = 10 spinorial harmonics or spinor moving frame variables [F1], 2, [[§]. Here
we only notice their lightlike character and the relative normalization (cf. (B.14)) of the

ten-vectors ugii,

u Tu, =0, ut Ty, =0, ud T, Tt =2 (4.9)

Taking the o/ — oo limit in eq. () after the ett — 4rwa’e™, 7= — e77/(4nd/)
redefinition, as for the D = 4, N = 1,2 superstring action above, we arrive at the ten-
dimensional tensionless superstring action

S = e A %, u, u* " =0, (4.10)
w2 n

"One could also write another twistor-like action for D = 10 superstrings by using two unconstrained
bosonic spinors @] In our notation, it reads o7 [T T AT (A S A7) —em ~ ATI*(ATEAT) —et T A
e” (AT ZaAT)(ATEUA)] — 2 [iy2 B2 . Then, and in contrast with (@)7 the k-symmetry of that action
would not be irreducible.
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which involves only u, ~, one of the two lightlike ten-dimensional vectors (E9). A dimen-
sional reduction of such an action can be done in such a manner that the D = 4, N = 4
null superstring appears. A formal way to achieve this is to consider the action (.1() in a

frame where the above lightlike vector u, ~ only has nonvanishing components in the four
D = 4 Minkowski spacetime directions,

a=0,...,9, a=0,...,3. (4.11)

4.3 Tensorial (enlarged) superspace versus standard ten dimensional super-
space.

The above shows that the twistor string can be obtained by taking the tensionless limit
of the D = 10 superstring action ([.§) and then performing a dimensional reduction down
to D = 4. By considering the D = 10 Green-Schwarz superstring action as a tensionful
parent of the D = 4 twistor string, we have allowed ourselves to enlarge D = 4 superspace
by six additional bosonic coordinates. However, it is not clear at present whether this
enlargement is unique, and this allows us to discuss another possible higher-dimensional
superstring parent for the twistor string.

Indeed, even if we restrict ourselves to just six additional bosonic coordinates as above,
these do not need being the components of the SO(6) vector X! implied in the enlargement
of D = 4 to the standard D = 10 superspace. We may consider instead a tensorial
superspace, in which the additional six bosonic coordinates appear as the components of
an antisymmetric tensor, Y# = —Y"#. The proper incorporation of a SO(6) vector into
the action leads naturally to an enhancement of the symmetry from SO(1,3) ® SO(6) to
SO(1,9). This implies an embedding of our tensionless string (classically equivalent to
the twistor string) into a manifestly SO(1,9) (actually, D = 10 super-Poincaré) invariant
theory. Similarly, the proper enlargement of the target superspace by the antisymmetric
tensor coordinates Y, which could be split into the symmetric spin-tensor X% = X0«
and its complex conjugate (in the case of Minkowski signature) X8 = xPe = (XBy*,
results in an enlargement of the automorphism symmetry to GL(4,R). The spin-tensorial
representation allows to collect all ten coordinates in a manifestly symmetric 4 x 4 matrix,

af Ba\T
X8 = <§d6 ();aﬁ) ) , o, =1,...,n=4 (4.12)
(ie. o/ = 1,2, 1, 2) Such a tensorial space was proposed by Fronsdal [5J to describe higher
spin fields. A dynamical realization of such a theory was found later [BJ], quantizing a
generalized superparticle model [f4] which has the properties of a BPS preon [BF (see [i4,
Bd, b7 for further discussion).
The above analysis suggests relating our D = 4, N = 4 null-superstring (B.19) to a

n(n2+1) \nN)

string model in a N=4 extended tensorial superspace 3;(10}4N) (= »( for n = 4,

see )

(X, @) = (XP7, X8, X8, g iy (4.13)

— 14 —



The D = 4, N = 4 null superstring action (B.15) providing a spacetime reformulation of
the Berkovits-Siegel twistor string action (B.]) can be obtained as the w ~— 0 limit of the

action (omitting the Lg contribution)

. _ w w Ch— —
S(w) = /W et A <Haa)\a)\d +3 M\, \g + 5 HaﬁAdAﬁ> : (4.14)
% = dz® — idged"™" + i0*df™

10 = do*? — 2id6 6 |

%8 — 4298 — 2idg“'g""
which describes a tensionless superstring in N = 4 extended tensorial superspace 3, (1014N)
(for w = 1 this action was first considered in [[I]).

The action ([l.14), is an extended object counterpart of the superparticle action [fJ] in
tensorial superspace. It may be related with the tensionless limit of tensionful superstring
models in enlarged superspace (higher spin extensions of the superstring) considered in [[4].
In particular, a direct tensionless limit of the generalized superstring model [i4] would lead
to the w = 1 representative of the family (f.14)) of tensionless actions. This w = 1 action

can be rewritten in the form

1 1!
S(w=1) = Sspup) = 3 /W2 AT Ay g, (4.15)

' = gx«?" — 2ide«ligl?)i
O = (6%, 0%), Au = (Ao Aa)

which makes its GL(4,R) symmetry manifest. It possesses a hidden OSp(N|8) symmetry
which becomes manifest in its orthosymplectic twistor presentation [pg|

g, =1 / e A (@M Ay — M dA g — 2idx’ ).

5(10]16) 9
MY =XV N — 010 Ay
X' =0y (4.16)

(see [B4, B for the superparticle case and the discussion in [E4]).

In the purely bosonic limit the simple redefinition X% — 1 Jw Xob X o Jw Xxas
maps any w # 0 model to the w = 1 one. This implies that the symmetry of any of
the S(w # 0) actions (fl.14) includes the bosonic Sp(8) group. However, the presence of
fermions breaks this identification and makes the w = 1 dynamical system (f.1]) special
as it possesses 12 local fermionic k-symmetries while all other w # 0,1 models possess
only 8 s-symmetries. Another face of the same fact is that the w = 1 model ({.15)
may be written in terms of OSp(N|8) = OSp(4|8) real supertwistors (u®, Ao, Xi) With
real fermionic x; = (x)* @ = 1,...,4, egs. (4.19), while the w # 0,1 models require
OSp(2N|8) = OSp(8|8) supertwistors (1, Ao, 7;) with complex fermionic components
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ni # (n;)* (see [ for the superparticle case),

1 _ . .
S(w) = 5 / et A <d/1°‘)\a — AN i + Aadp® — ptdrg

2
=20 (71 + wi) + 24(n; + w7 )i ) (4.17)
where
THED COVERT COVES A (RSN
= X905+ XN, — i (00 + @b N) |
N =0A=0N\o, 7 =0N=0%\. (4.18)

The w = 0 member of the above S(w) family is equivalent to the twistor string action (.1),
S(w=0) = Sg = / et ATIYN N - (4.19)
W2

To see this, in addition to observing the coincidence of egs. (B.1]) and (f:19), one should
take into account that for w = 0 eqgs. (.1§) become the incidence equations (B.1() and
their c.c.; these, in turn, provide the general solution of the constraints (R.1(). For the
general w # 0 element of the family of dynamical systems ({.17), eqs. (£.1§) do not imply
any constraints. This corresponds to the fact that the N = 1 superparticle counterpart
of the action ([£17) describes an infinite tower of massless fields of all possible helicities
(‘free higher spin theory’). The significance of the fact that the twistor string enters
as a singular element of the one-complex-parameter family of tensionless superstrings in
tensorial superspace (if any) is still to be understood. Let us finish by noticing that there
is an enlargement of the internal symmetry group of the w = 0 action (f.17) from SO(4)
to SU(4).

5. Final remarks and discussion

By using a twistor transform similar to the one originally proposed for the superparticle [[L9],
we have seen that the twistor string model is classically equivalent to a supersymmetric
extended object in a D = 4, N = 4 superspace. For Siegel’s closed string version of
the Berkovits model, this action, having 8 k-symmetries and 16 supersymmetries, coin-
cides with the N = 4 extension of the tensionless superstring action [RI]. The Berkovits
open-string action [[[J] describes a counterpart of the tensionless superstring in the su-
perspace isomorphic to a direct product of two copies of D = 4, N = 4; the two copies
of the coordinate functions turn out to be identified on the open string boundary mod-
ulo gauge symmetries, the set of which includes two copies of 8-parametric x-symmetry,
cas. (BZ0), (B20).

Null (or intrinsically tensionless) superstrings maintain their conformal invariance by
having a continuous spectrum [R4, 1. This implies that the prescription of writing the
gauge field amplitudes from [[[4] assumes dealing with the tensionless limit of some tension-
ful superstring rather than with the null-superstring itself. This was actually noticed in [[[4]

,16,



where a possible relation of the twistor superstring with a model for a ‘QCD string’ [R§]
was discussed. However, the consideration of the tensionful prototype of the twistor string
in [[[4) was purely bosonic.

It is plausible to assume that a parent tensionful superstring should have a smooth
tensionless superstring limit in the sense that both tensionful and tensionless superstrings
should present the same number of k-symmetries. Of course, as it is known, the zero
tension limit is special in many respects. In particular the huge enhancement of the global
symmetry in this limit was already noticed in [@] However, one may expect a nonsingular
limit in the sense of preserving the number of degrees of freedom of the dynamical system.
This seems to be the case for the tensionless limit of the standard (Nambu-Goto or) Green-
Schwarz string, a limit believed to be described by a massless higher spin theory (an infinite
tower of massless higher spin fields); see [R7, [f]] for a discussion. Let us stress, nevertheless,
that the tensionless limit of the usual Green-Schwarz superstring leading to the twistor
string is expected to be different. Such a zero tension limit could accompanied by some
other transformations of the variables in the model. In any case, since Berkovits and
Siegel’s path integral exponents contain the twistor string action and we have seen here
that this action is equivalent to the tensionless string one, our results suggest that their
prescription to obtain the N = 4 SYM diagrams from the twistor string [@, Q] provides
a third way of quantizing of the tensionless string, alternative to the two of [26, P, I,
B3).

As we discussed in this paper, the D = 10 N = 1 superstring can be considered as a
tensionful candidate leading to the D = 4 twistor string upon dimensional reduction. At
the present level of understanding, the way from D = 10 N = 1 tensionful Green-Schwarz
superstring to the D = 4 N = 1 tensionless superstring action (B.15) (equivalent, as we
have shown here, to Siegel’s twistor string action (.1)), consists in taking first a tensionless
limit then performing a dimensional reduction of the D = 10 tensionless superstring down
to D = 4. For such a construction the standard D = 10 N = 1 superspace X (10/16)
is not a priori a better starting point than e.g., D = 4 N = 4 tensorial superspace
5(10‘16), the ten bosonic coordinates of which include the spacetime four-vector z* plus six
tensorial coordinates y**. These can be treated as spin degrees of freedom [F3, B3] or as
conjugated [i3, 4, B4 to the topological charges of superbranes [pd].

This is a good place to discuss the possible higher dimensional generalizations of the
supertwistor string (a problem also posed in [[Lf] in the context of two-time physics). The

10116) can be associated with any of the tensionless

generalization to tensorial superspace D
superstring actions ({l.14) with w # 0. The pure twistor form of the action similar to the
Berkovits-Siegel one for a supertwistor string is provided by eq. ([.17). A possible drawback
of this action is the lack of a complex structure and hence of a U(1) symmetry, which seems
relevant in applying the supertwistor string to Yang-Mills theory [fl, [3, [[4], although one
cannot exclude the (rather exotic) possibility of replacing this U(1) symmetry of the w =0
action by some other symmetry of the w # 0 models. The same lack of complex structure
results in a replacement of the SU(2,2[4) superconformal symmetry of the w = 0 action

by the OSp(8|8) generalized conformal symmetry of the S(w # 0) models ([.17) (OSp(4/8)

for w =1).
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The generalization of the twistor superstring to the more conventional D =10 N =1
superspace is actually provided by the tensionless superstring action (f.10). To see this one
needs, following [, [i§], to ‘extract the square root’ of the light-like vector u; ~ (vector
Lorentz harmonics) by introducing a set of 8 bosonic spinors Vag (basis of the spinor
moving frame or spinor Lorentz harmonics) highly constrained by

200408y = u, Sog, v;iﬁv; = Opqlly (5.1)

g7£:17"'716 ) pyqzly"'78
(esh 4+ 3bye — 259 and $¢ was defined in (7). Then, the action ([L10) reads

1 ~ - -
S = 3 /W2 et AT Egé VaqV8q » (5.2)

% = dX% — idOx

and it is a clear counterpart of (B.15) but in terms of constrained spinors vg, , eq. (B.1)). It
can be shown that these spinorial Lorentz harmonics parameterize the celestial sphere S8
represented as the Lorentz group coset [f]]]

L Spin(1,D — 1) B
tar} = ot ) & SpmE e ks~ (53)

Kg being an abelian subalgebra. The D = 10 counterpart of the original pure supertwistor
form (B.1) of the supertwistor string action can be obtained by presenting the action (f.9)
in the form

S = . et A (dpy “vay — pg “dvag —idxy Xy ) (5.4)
w

where the D = 10 counterpart of the Penrose incidence relation reads

_ saf i - - -
pg® = X*Eavgy — 59@@% , Xg = O%va, - (5.5)
Due to the basic constraints (5.1), eq. (5-) results in pig “va, = X%, ~6pq+ %x;x;. This
implies that eq. (.9), with v, constrained by (B.1)), provides the general solution of the
constraints

P U
M[q ’ng} - §Xq Xp - )

o - 1 —a -
H (qgvgp) B ééqp/“‘ P’g?@p’ =0, (5.6)

which play the role of the D = 4 constraint (.10). More details on the twistor-harmonic
formalism in D = 10 and 11 will be presented in elsewhere.

Let us notice that the necessity of using constrained spinors to describe the higher
dimensional generalizations of the twistors was recently noticed [B0] in the context of a two-
time physics generalization of the Penrose incidence relation, as well as earlier in [4, (],
in relation with the generalization v, vg, ngiﬁ , Dalpg X v;igv; (cf. (b)) of

the D = 4 Cartan-Penrose representation of a lightlike momentum, p,08, = AaAs, the
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other essential ingredient of the Penrose twistor approach.® The twistor transform of the
tensionful D = 4, N = 1,2 superstring actions (fL.1)) has been presented recently [61] (on
the surface of embedding equations I1*%v, 97 = 0 and I1°%, v} = 0).

To conclude, we mention that we did not consider in the present context the interesting
problem of the possible stringy origin of the Yang-Mills current part [ L¢, eq. (:19), in the
supertwistor string action (R.I)). In the light of the discussion in section [i, it is tempting
to speculate that (R.13) might originate from the heterotic fermion contribution to the
(tensionful) D = 10 N =1 heterotic string action. The main difficulty for such a scenario
seems to be the fact that the chirality of the heterotic fermions is opposite to that of the
fermionic coordinate function ©2, while the current generating fermions in (R.13) have the
same worldsheet chirality [BJ] as the twistors in (R.1) and the coordinate functions 6%, 6%

in B.1)).
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